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Abstract
This paper studies topological definitions of chain recurrence and shadowing for continuous endomorphisms
of topological groups generalizing the relevant concepts for metric spaces. It is proved that in this case
the sets of chain recurrent points and chain transitive component of the identity are topological subgroups.
Furthermore, it is obtained that some dynamical properties induced by the original system on quotient spaces.
These results link an algebraic property to a dynamical property.
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1. Introduction
One of the main problems in discrete and continuous dynamical systems is the description of orbit structure
for a system from a topological point of view. A discrete dynamical system usually consists of a compact
metric space X and a continuous function f from X to itself. A number of properties of interest in such
systems are defined in purely topological terms, for example recurrence, non-wandering points (see below for
details). Recently, Good and Macias [14] defined other properties for dynamical systems in purely topological
terms, for example sensitive dependence on initial conditions, chain transitivity and recurrence, shadowing,
and positive expansiveness. In the presence of compactness, existence of an unique uniformity, allows ue to
mimic existing metric proofs. The uniform approach has been studied in a number of cases: Hood [15] defined
topological entropy for uniform spaces; Morales and Sirvent [16] considered positively expansive measures for
measurable functions on uniform spaces, extending results from the literature; Devaney chaos for uniform
spaces is considered in [9]; Auslander et al. [3] generalized many known results about equicontinuity to the
uniform spaces; Das et al. [10] generalized spectral decomposition theorem to the uniform spaces; We [1]
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generalized concepts of entropy points, expansivity and shadowing property for dynamical systems on uniform
spaces and we obtained a relation between topological shadowing property and positive uniform entropy;;
Wu et al. [22] obtained that every point transitive dynamical system defined on a Hausdorff uniform space
is either almost equicontinuous or sensitive.
Motivated by these ideas we show that if the underlying set of a dynamical system is an abelian topo-
logical group, then surprisingly dynamical objects of a dynamical system exhibit some algebraic properties.
Recurrence behavior is one of the most important concepts in topological dynamics [2, 20, 21]. We are going
to investigate the properties of recurrent sets of a continuous endomorphism of a topological group as a dis-
crete dynamical system. A topological group is a set G on which two structures are given, a group structure
and a topology, such that the group operations are continuous. Specifically, the mapping (x, y) 7→ xy−1 from
the direct product G × G into G must be continuous. A subgroup of a topological group is a topological
group in the induced topology. Every topological group is a uniform space in a natural way. Specifically, a
uniform group structure on a topological group is defined by the collection of sets
{
(x, y) | xy−1 ∈ E
}
; E ∈ Be,
where Be is a system of symmetric neighborhoods of the identity e in G. Make a standardized assumption
that all topological groups are abelian and compact, and f is a continuous endomorphism on G, although
some of the results apply to more general settings. A fixed point of dynamical system f , exhibits the simplest
type of recurrence. We denote by Fix(f) the set of all fixed points of f .
A point carried back to itself by a dynamical system f exhibits the next most elementary type of recur-
rence. For some m ∈ N, a point x ∈ G is called m-periodic if fm(x) = x. We denote by Perm(f) the set
of all m-periodic points of f and we set Per(f) =
⋃
∞
m=1 Perm(f). A point x ∈ G is non-wandering if for
each neighborhood U of x, there exists n ∈ N such that U ∩ fn(U) 6= Ø. We denote by Ω(f) the set of all
non-wandering points of f .
For D ∈ Be, a D-pseudo-orbit or D-chain of f is a sequence {xn}n∈N such that f(xn)x
−1
n+1 ∈ D for n ∈ N.
We use the symbol OE(f, x, y) for the set of E-chains {x0, x1, . . . , xn} of f with x0 = x and xn = y. For
x, y ∈ G, we write x
E
 y if OE(f, x, y) 6= Ø and we write x y if OE(f, x, y) 6= Ø for each E ∈ Be. We write
x! y if x y and y  x. The set {x ∈ G | x! x} is called the chain recurrent set of f and denoted by
CR(f). Denote by CC(f) the chain component of f containing the identity e, i.e., CC(f) = {x ∈ G | x! e}
[13]. Clearly,
Fix(f) ⊆ Perm(f) ⊆ Per(f) ⊆ Ω(f) ⊆ CR(f).
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2. Recurrent Subgroups
This section is devoted to the algebraic properties of recurrent sets. Our following results show that when
the underlying set of a dynamical system is a topological group, then most of the well-known recurrent sets
are also topological subgroups of the underlying topological group. We seek a definition of recurrence so that
the set R(f) of recurrent points with respect to an endomorphism f has the following desirable properties:
(R1) R(f) is a subgroup;
(R2) The set R(f) is forward invariant with respect to f , i.e., f(R(f)) ⊆ R(f).
(R3) R(f) is closed;
(R4) R(f) is invariant under topological conjugacy, i.e., if f : G → G and g : H → H are two continuous
endomorphisms on topological groups and φ : G → H is a continuous automorphism with continuous
inverse such that φ ◦ f = g ◦ φ, then R(g) = φ(R(f));
(R5) R(f) is invariant under canonical mapping, i.e., if f˜ : G/H → G/H is the canonical mapping induced
by f , then R(f˜) = {R(f)}.
Definition 2.1. We say that a subset R(f) of G with respect to an endomorphism f is a recurrent subgroup
if it satisfies properties (R1)–(R4).
Closely related to fixed points are the eventually fixed points, which are the points that reach a fixed
point after finitely many iterations. More explicitly, a point x is said to be an eventually fixed point of a map
f if there exists some k ∈ N such that fk(x) ∈ Fix(f). A point x is said to be an eventually m-periodic point
if fk(x) ∈ Perm(f) for some k ∈ N. Denote by EFix(f) and EPerm(f), the set of all eventually fixed point
and the set of eventually m-periodic points of f , respectively. Also we set EPer(f) =
⋃
∞
m=1EPerm(f).
Proposition 2.2. Let f be a continuous endomorphism of a topological group G. Then
(i) Fix(f) is a recurrent subgroup.
(ii) Perm(f) is a recurrent subgroup.
(iii) Per(f) is a recurrent subgroup.
(iv) EFix(f) is a recurrent subgroup.
(v) EPerm(f) is a recurrent subgroup.
(vi) EPer(f) is a recurrent subgroup.
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Proof. (i) For any x, y ∈ Fix(f), it can be verified that f(xy−1) = f(x)f(y−1) = xy−1, implying that
Fix(f) is a subgroup. Clearly, Fix(f) is closed, f -invariant and invariant under algebraic topological conju-
gacy.
(ii) The proof is similar to part (i).
(iii) For any x, y ∈ Per(f), there exist m,n ∈ N such that fm(x) = x and fn(y) = y, implying that
fmn(xy−1) = (fm)n(x)(fn)m(y−1) = xy−1. Then, xy−1 ∈ Per(f). This implies that Per(f) and so Per(f)
is a subgroup. Clearly, Per(f) and so by continuity Per(f) is f -invariant. Let f : G→ G and g : H → H be
two continuous endomorphisms and let φ : G → H be a continuous automorphism with continuous inverse
such that φ ◦ f = g ◦ φ. Clearly, φ(Per(f)) ⊂ Per(g). This implies that φ(Per(f)) ⊂ φ(Per(f)) ⊂ Per(g).
For the reverse inclusion, let x ∈ Per(g). Then there exists a net xλ in Per(g) = φ(Per(f)) with xλ → x.
For each λ, there exists a point zλ ∈ Per(f) such that xλ = φ(zλ). This, together with xλ → x, implies that
zλ → φ
−1(x). Therefore, φ−1(x) ∈ Per(f). This implies that φ(Per(f)) = Per(g).
(iv) For any x, y ∈ EFix(f), there exist m,n ∈ N such that fm(x), fn(y) ∈ Fix(f), implying that
fmn(xy−1) = fm(x)fn(y−1) ∈ Fix(f). Then, xy−1 ∈ EFix(f). This implies that EFix(f) and so EFix(f)
is a subgroup. Clearly, EFix(f) and so by continuity EFix(f) is f -invariant. Let f : G→ G and g : H → H
be two continuous endomorphisms and let φ : G → H be a continuous automorphism with continuous
inverse such that φ ◦ f = g ◦ φ. If φ(x) ∈ φ(EFix(f)), then there exists positive integer m such that
fm(x) ∈ Fix(f). Thus, φ(fm(x)) ∈ φ(Fix(f)) = Fix(g), implying that gm(φ(x) ∈ Fix(g). Therefore,
φ(EFix(f)) ⊂ EFix(g). This implies that φ(EFix(f)) ⊂ φ(EFix(f)) ⊂ EFix(g). For the reverse inclusion,
let x ∈ EFix(g). Then there exists a net xλ in EFix(g) = φ(EFix(f)) with xλ → x. For each λ, there
exists a point zλ ∈ EFix(f) such that xλ = φ(zλ). This, together with xλ → x, implies that zλ → φ
−1(x).
Therefore, φ−1(x) ∈ EFix(f). This implies that φ(EFix(f)) = EFix(g).
(v) For any x, y ∈ Eperm(f), there exist k, l ∈ N such that f
m+k(x) = fk(x) and fm+l(y) = f l(y),
implying that fm+k+l(x) = fk+l(x) and fm+k+l(y) = fk+l(y). Then, fm+k+l(xy−1) = fk+l(xy−1). This
implies that EPerm(f) and so EPerm(f) is a subgroup. Similarly, one can prove the properties (R3) and
(R4) by adapting the proof of part (iii).
(vi) For any x, y ∈ Eper(f), there exist k, l,m ∈ N and n ∈ N such that fm+k(x) = fk(x) and fn+l(y) =
f l(y), implying that fm+k+l(x) = fk+l(x) and fn+k+l(y) = fk+l(y). Applying induction yields that
f2m+k+l(x) = fm(fm+k+l(x)) = fm+k+l(x) = fk+l(x),
...
fmn+k+l(x) = fm(n−1)+k+l(x) = fk+l(x),
and
f2n+k+l(y) = fn(fn+k+l(y)) = fn+k+l(y) = fk+l(y),
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...
fmn+k+l(y) = fn(m−1)+k+l(y) = fk+l(y).
Thus, fmn+k+l(xy−1) = fk+l(xy−1). This implies that EPer(f) and so EPer(f) is a subgroup. Similarly,
one can prove the properties(R3) and (R4) by adapting the proof of part (iii). 
The following proposition shows that a chain recurrent set, which includes all the types of returning
trajectories: periodic, eventually-periodic, non-wandering and so on, is a subgroup of G.
Proposition 2.3. Let f be a continuous endomorphism of topological group G. Then CR(f) is a recurrent
subgroup.
Proof. For any x ∈ CR(f) and any E ∈ Be, there exists an E-chain {x1, x2, . . . , xn} with x1 = xn = x
such that f(xn)x
−1
n+1 ∈ E for all 1 ≤ i ≤ n− 1, implying that f(x
−1
i )xi+1 ∈ E
−1 = E. Then, x−1 ∈ CR(f).
For any x, y ∈ CR(f), we show that xy ∈ CR(f). In fact, for any E ∈ Be, take some W ∈ Be such that
W 2 ⊂ E. Since x, y ∈ CR(f), there exist E-chains {x1, x2, . . . , xm} and {y1, y2, . . . , yn} with x1 = xm = x
and y1 = yn = y such that f(xi)x
−1
i+1 ∈ W for 1 ≤ i ≤ m− 1 and f(yj)yj+1 ∈ W for 1 ≤ j ≤ n− 1. Choose
two extended sequences {xi}
mn
i=1 and {yj}
mn
j=1 as following:
xi+kn = xi for 1 ≤ i ≤ m, 0 ≤ k ≤ n− 1;
yj+kn = yj for 1 ≤ j ≤ n, 0 ≤ k ≤ m− 1.
Clearly, x1y1 = xmnymn = xy and
f(xiyi)(xi+1yi+1)
−1 = f(xi)x
−1
i+1f(yi)y
−1
i+1 ∈ W
2 ⊂ E.
Therefore, xy ∈ CR(f), implying that CR(f) is a subgroup.
Next assume that E ∈ Be and choose Eˆ ∈ Be such that Eˆ
2 ⊂ E. By uniform continuity there exists
D ∈ Be such that xy
−1 ∈ D implies f(x)f(y)−1 ∈ Eˆ. Choose Dˆ ∈ Be with Dˆ
2 ⊂ D. Assume that x(λ)
be a net in CR(f) such that x(λ) → x. Then for some λ, x(λ)x−1 ∈ D. Since x(λ) ∈ CR(f), there exists
a Dˆ-pseudo-orbit {x0, x1, . . . , xn} with x0 = xn = x
(λ). Thus {x, x1, . . . , xn−1, x} is an E-pseudo-orbit and
hence x ∈ CR(f). Therefore, CR(f) is closed.
Fix any E ∈ Be. Then, {x, f(x)} is an E-pseudo-orbit from x to f(x). Choose U, V ∈ Be such that
U2 ⊂ E and V ⊂ U ∩ f−1(U). Since x ∈ CR(f), there exists a V -pseudo-orbit {x0 = x, x1, . . . , xn−1, xn =
x} from x to itself. Then {f(x), x2, x3, . . . , xn = x} is an E-pseudo-orbit from f(x) to x and hence
{f(x), x2, x3, . . . , xn−1, x, f(x)} is an E-pseudo-orbit from f(x) to itself. Therefore, f(x) ∈ CR(f), implying
that f(CR(f)) ⊂ CR(f). 
The relation ‘!’ is an equivalence relation on CR(f). The equivalence classes of this relation are called
chain components. These are compact invariant sets and cannot be decomposed into two disjoint nonempty
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compact invariant sets, hence serve as building blocks of the dynamics. The topology of chain recurrent set
and chain components have been always in particular interest [5, 6, 17, 19].
Proposition 2.4. Let f be a continuous endomorphism of topological group G. Then CC(f) is a recurrent
subgroup.
Proof. Suppose that x, y ∈ CC(f) and E ∈ Be. Choose W ∈ Be such that W
2 ⊂ E. Then, x
W
 e
and y
W
 e, implying that there exist W -chains {x = x0, x1, . . . , xm = e} and {y = y0, y1, . . . , yn = e}.
Without loss of generality, assume that m ≤ n. Clearly, {x−10 y0, x
−1
1 y1, . . . x
−1
m ym, ym+1, . . . , yn = e} is an
E-chain from x−1y to e. It follows from x, y ∈ CC(f) that e
W
 x and e
W
 y. Then, there exist W -chains
{e = xˆ0, xˆ1, . . . , xˆp = x} and {e = yˆ0, yˆ1, . . . , yˆq = y}. Without loss of generality, assume that p ≤ q. Then,
the sequence {yˆ0, yˆ1, . . . , yˆq−p−1, yˆq−pxˆ
−1
0 , yˆq−p+1xˆ
−1
1 , . . . , yˆqxˆ
−1
p } is an E-chain from e to x
−1y. Therefore,
x−1y ∈ CC(f), implying that CC(f) is a subgroup.
Let E ∈ Be and choose W ∈ Be such that W
2 ⊂ E. By uniform continuity there exists W ⊃ D ∈ Be
such that xy−1 ∈ D implies f(x)f(y−1) ∈ W . Let z ∈ CC(f). Then, there exists x ∈ CC(f) such that
xz−1 ∈ D. Clearly, x
D
 e and e
D
 x. This implies that there exist D-chains {x = x0, x1, . . . , xn = e} and
{e = x′0, x
′
2, . . . , x
′
m = x}. Clearly, {z, x1, x2, . . . , e} and {e = x
′
0, x
′
1, . . . , x
′
m−1, z} are E-chains. Then, z
E
 e
and e
E
 z. Therefore, z ∈ CC(f), implying that CC(f) is closed.
Suppose that x ∈ CC(f) and E ∈ Be. Choose U, V ∈ Be such that U
2 ⊂ E and V ⊂ U ∩ f−1(U). It
follows from x ∈ CC(f) that there exists a V -pseudo-orbit {x0 = x, x1, . . . , xn−1, xn = e} from x to e. Then,
{f(x), x2, x3, . . . , xn = e} is an E-pseudo-orbit from f(x) to e. Again from x ∈ CC(f), it follows that there
exists a V -pseudo-orbit {x0 = e, x1, . . . , xn−1, xn = x} from e to x. Then, {x0, x1, x2, x3, . . . , xn = x, f(x)}
is an E-pseudo-orbit from e to f(x). Thus, f(x) ∈ CC(f), implying that f(CC(f)) ⊂ CC(f). 
Remark 2.5. It is not difficult to check that if f is an automorphism, then f(CC(f)) = CC(f).
3. Dynamics Induced on Quotient Spaces by endomorphisms
Suppose that G is a topological group with identity e, and H is a closed subgroup of G. Denote by G/H
the set of all left cosets aH of H in G, and endow it with the quotient topology with respect to the canonical
mapping pi : G→ G/H defined by pi(x) = xH for any x ∈ G. Then, the family {pi(xE) | x ∈ G, E ∈ Be} is
a local base of the space G/H at the point xH ∈ G/H , the mapping pi is open, and G/H is a homogeneous
T1-space. An endomorphism f : G→ G induced a map f˜ : G/H → G/H such that the following diagram is
commuted:
G
f
//
pi

G
pi

G/H
f˜
// G/H
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This mapping is called canonical map [4]. In last section we introduce several recurrent subgroups R(f) for a
dynamical system f , which leads us to investigate the dynamic of induced mapping f˜ : G/R(f)→ G/R(f).
We are interested in cases that R(f) is invariant under canonical mapping, i.e., R(f˜) = {R(f)}.
Proposition 3.1. Let f : G → G be a continuous endomorphism and f˜ : G/Fix(f) → G/Fix(f) be the
map induced by f . Then, Fix(f˜) = {Fix(f)}.
Proof. Suppose that H = Fix(f) and pi(x) = xH ∈ Fix(f˜). Then, f˜(xH) = xH . Thus, f(x)x−1 ∈ H =
Fix(f). Therefore, fn(f(x)x−1) = f(x)x−1 for any n ∈ N. Applying induction implies that fn+1(x) =
(f(x))n+1x−1. Hence,

f2(x) = f(x)2x−1 ⇒ f3(x) = f2(x)f(x)⇒ f4(x) = f3(x)f2(x),
f3(x) = f(x)3x−1,

f3(x) = f(x)3x−1 ⇒ f4(x) = f3(x)f(x),
f4(x) = f(x)4x−1.
Thus f(x) = f2(x) = (f(x))2x−1, implying that f(x) = x. Therefore, xH = H . 
Proposition 3.2. Let f : G→ G be a continuous endomorphism and f˜ : G/Perm(f)→ G/Perm(f) be the
map induced by f . Then for any m ∈ N, Perm(f˜) = {Perm(f)}.
Proof. Let H = Perm(f) and pi(x) = xH ∈ Perm(f˜). Then, f˜
m(xH) = xH . Thus, fm(x)x−1 ∈ H =
Perm(f). Therefore, f
m(fm(x)x−1) = fm(x)x−1. Applying induction implies that f im(x) = (fm(x))ix−1
for any i ≥ 2. Hence,

f2m(x) = fm(x)2x−1 ⇒ f3m(x) = f2m(x)fm(x)⇒ f4m(x) = f3m(x)f2m(x),
f3m(x) = fm(x)3x−1,

f3m(x) = fm(x)3x−1 ⇒ f4m(x) = f3m(x)fm(x),
f4m(x) = fm(x)4x−1.
Thus, fm(x) = f2m(x) = (fm(x))2x−1, implying that fm(x) = x. 
Proposition 3.3. Let f : G→ G be a continuous automorphism and f˜ : G/CC(f)→ G/CC(f) be the map
induced by f . Then, CC(f˜) = {CC(f)}.
Proof. Suppose that H = CC(f). Let xH ∈ CC(f˜) and E ∈ Be. Then, xH
pi(E)
 H , implying that there
exist points x0, x1, . . . , xn ∈ G such that x0 = x, xn ∈ H and f˜(pi(xi))pi(xi+1)
−1 ∈ pi(H) for all 0 ≤ i ≤ n−1.
Thus, for any 1 ≤ i ≤ n, there exist ei ∈ E and hi ∈ H such that f(xi)x
−1
i+1 = ei+1hi+1. Choose yi = xih
′
i
with
h′0 = e, h
′
i+1 = f(h
′
i)hi+1.
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Then, y0 = x, yn = h
′
n, and
f(yi)y
−1
i+1 = f(xi)x
−1
i+1f(h
′
i)(h
′
i+1)
−1 = f(xi)x
−1
i+1h
−1
i+1 = ei+1 ∈ E,
implying that x
E
 h′n. From h
′
n ∈ H = CC(f), it follows that h
′
n
E
 e. Then, x
E
 e. This implies that x e
due to the arbitrariness of E.
From xH ∈ CC(f˜) and H
pi(H)
 xH , it follows that there exist points x0, x1, . . . , xn ∈ G such that x0 ∈ H ,
xn = x and f˜(pi(xi))pi(xi+1)
−1 ∈ pi(H) for all 0 ≤ i ≤ n− 1. This implies that there exist ei ∈ E and hi ∈ H
such that f(xi)x
−1
i+1 = ei+1hi+1. For any 0 ≤ i ≤ n, choose yi = xih
′
i with
h′n = e, h
′
i−1 = f
−1(h′i)h
−1
i+1.
Then, y0 = h
′
0, yn = x, and
f(yi)y
−1
i+1 = f(xi)x
−1
i+1f(h
′
i)(h
′
i+1)
−1 = f(xi)x
−1
i+1h
−1
i+1 = ei+1 ∈ E,
implying that h′0  x. From h
′
0 ∈ H = CC(f), it follows that e
E
 h′0. Therefore, e
E
 x, implying that e x
due to the arbitrariness of E. Hence, x ∈ CC(f). 
The shadowing property provides tools for fitting real trajectories nearby to approximate trajectories [8].
The following definition generalizes the relevant concept for metric spaces to topological groups.
Definition 3.4. We say that a D-pseudo orbit of f is E-shadowed by a point x in G if fn(x)x−1n ∈ E for
any n ∈ N. A continuous endomorphism f : G → G has the shadowing property if for any E ∈ Be, there
exists some D ∈ Be such that every D-pseudo orbit of f can be E-shadowed by some point in G.
Lemma 3.5. Let f : G → G be a continuous endomorphism with the shadowing property. If H is an f -
invariant subgroup of G, then for any E ∈ Be, there exists D ∈ Be such that every DH-pseudo-orbit can be
EH-shadowed by some point in G.
Proof. Fix any E ∈ Be. The shadowing property implies that there exists D ∈ Be such that every
D-pseudo-orbit can be E-shadowed by some point in G. Given any fixed DH-pseudo-orbit {yn}, then
f(yn)y
−1
n+1 ∈ DH for all n ∈ N. This implies that for any n ∈ N, there exists dn ∈ D and hn ∈ H such that
f(yn)y
−1
n+1h
−1
n = dn. Choose the sequence h
′
nwith h
′
n+1 = f(h
′
n)hn and take xn = ynh
′
n. Then,
f(xn)xn+1 = f(ynh
′
n)(yn+1h
′
n+1)
−1
= f(yn)y
−1
n+1f(h
′
n)(h
′
n+1)
−1
= f(yn)yn+1h
−1
n = dn ∈ D,
implying that {xn} is a D-pseudo-orbit of f . Thus, there exists y ∈ G such that f
n(y)x−1n ∈ E for n =
0, 1, 2, . . . . Therefore, fn(y)(ynh
′
n)
−1 ∈ E. This implies that fn(y)y−1n ∈ EH . 
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Theorem 3.6. Let f : G → G be a continuous endomorphism with the shadowing property and H be a an
f -invariant subgroup of G. Then, the canonical mapping f˜ : G/H → G/H has the shadowing property.
Proof. Fix any E ∈ Be and take D ∈ Be such that everyD-pseudo-orbit can be E-shadowed by some point
in G. Assume that {pi(xn)}
∞
n=1 = {xnH}
∞
n=1 is a pi(D)-pseudo-orbit of f˜ . Then, f˜(xnH)(xn+1H)
−1 ∈ pi(D),
implying that f(xn)x
−1
n+1H ∈ DH . Thus, f(xn)x
−1
n+1 ∈ DH . This implies that {xn}
∞
n=1 is aDH-pseudo-orbit
of f and by Lemma 3.5 there exists x ∈ G such that fn(x)x−1n ∈ EH . This implies that f˜
n(pi(x))pi(xn)
−1 ∈
pi(E). 
Corollary 3.7. Let f : G → G be a continuous automorphism with the shadowing property. Then f˜ :
G/H → G/H has the shadowing property for any choice of H from recurrent subgroups in Proposition 2.2.
Proposition 3.8. Let f : G → G be a continuous automorphism with the shadowing property. Then,
Ω(f) = CR(f).
Proof. Clearly, Ω(f) ⊂ CR(f). Suppose that x ∈ CR(f) and U is an open neighborhood of x. Choose
some E ∈ Be such that Ex ∈ U . By the shadowing property there exists D ∈ B such that every D-pseudo-
orbit is E-shadowed by some point in G. From x ∈ CR(f), it follows that there exists a D-pseudo-orbit
{x0 = x, x1, . . . , xn = x} from x to itself. If extend this sequence to an infinite D-pseudo-orbit, then this full
pseudo-orbit is E-shadowed by some point z ∈ G. Thus, zx−1, f(z)x−11 , . . . , f
n(z)x−1 ∈ E, implying that
z, fn(z) ∈ Ex ⊂ U . Therefore, fn(U) ∩ U 6= Ø and so x ∈ Ω(f). 
4. Topological Entropy
Let f be a continuous endomorphism on the topological group G and K be a compact subset of G. Given
E ∈ Be and n ∈ N, a subset A ⊆ K is called an (n,E, f)-spanning set for K if
K ⊆
⋃
x∈A
(
n−1⋂
i=0
F−i(E)
)
x,
or equivalently, if for any x ∈ K, there exists y ∈ A such that f i(x)f i(y−1) ∈ E for all i = 0, 1, 2, . . . , n−1. By
compactness, there exist a finite (n,E, f)-spanning set for K. Let span(n,E,K) be the minimum cardinality
of all (n,E, f)-spanning sets for K.
A subset A ⊆ K is called an (n,E, f)-separated set for K if for any pair of distinct points x and y in A,
there exists 0 ≤ i ≤ n− 1 such that f i(x)f i(y−1) /∈ E. Again by compactness of K, every (n,E, f)-separated
set for K is finite. Let sep(n,E,K) be the maximum cardinality of all (n,E, f)-separated set for K.
For any U ∈ Be, define
span(E,K) = lim sup
n→∞
1
n
log span(n,E,K);
sep(E,K) = lim sup
n→∞
1
n
log sep(n,E,K).
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Then, define the following quantities for a uniformly continuous map f :
hspan(f,K) = sup {span(E,K) | E ∈ Be} ;
hspan(f) = sup {hspan(f,K) | K ∈ K(G)} ;
hsep(f,K) = sup {sep(E,K) | E ∈ Be} ;
hsep(f) = sup {hsep(f,K) | K ∈ K(G)} ;
where K(G) is the set of all nonempty compact subsets of G.
Theorem 4.1. [12] Let f : G→ G be a continuous map on a topological group G. Then, hspan(f) = hsep(f) =
htop(f).
The entropy-carrying sets of a continuous map on a compact space is always in particular interest. Adapt-
ing the techniques in [18], the following is proved.
Theorem 4.2. Let f be a continuous endomorphism on a Hausdorff compact topological group G. Then,
htop(f |Ω(f)) = htop(f).
Proof. Fix any m ∈ N and E ∈ Be, and let F (m,E,Ω(f)) be an (m,E, f)-spanning set for Ω(f) with
cardinality span(m,E,Ω(f)). Let U = {x ∈ G | ∃y ∈ F (m,E,Ω(f)) such that f i(x)f i(y−1) ∈ E for all 0 ≤
i ≤ m}.
Claim 1. U is an open neighborhood of Ω(f).
Choose W ∈ Be such that W
2 ⊂ E. Then, there exists D ∈ Be such that xy
−1 ∈ D implies
f i(x)f i(y−1) ∈ W for all 0 ≤ i ≤ m. For any fixed x ∈ U and any y ∈ Dx, it is clear that x−1y ∈ D, implying
that f i(x−1)f i(y) ∈ W for all 0 ≤ i ≤ m. From x ∈ U , it follows that there exists z ∈ F (m,E,Ω(f)) such
that f i(x)f i(z−1) ∈W for all 0 ≤ i ≤ m. Therefore, f i(y)f i(z−1) ∈ E. This implies that Dx ⊂ U .
Since U c = G \ U is compact and all points in U c is wandering, then there exists V ⊂ E such that for
any y ∈ U c and any n ∈ N, fn(V y)∩ V y = Ø. Now let F (m,V, U c) be an (m,V, f)-spanning set for U c with
cardinality span(m,V, U c) and let Fm = F (m,E,Ω(f))∪F (m,V, U
c). Since Fm is an (m,E, f)-spanning set
for G, we obtain that |Fm| ≥ span(m,E,G). For any l ∈ N, define φl : G→ F
i
m by φl(x) = (y0, y1, . . . , yl−1),
where
yj ∈ F (m,E,Ω(f)) and f
jm(x)y−1j ∈ E if f
jm(x) ∈ U
yj ∈ F (m,V, U
c) and f jm(x)y−1j ∈ V if f
jm(x) ∈ U c.
MEANS THAT f jm(x) ∈ U ⇒ yj ∈ F (m,E,Ω(f)) ∩E
−1f jm(x)
If φl(x) = (y0, y1, . . . , yl−1) for some x ∈ G, then a point yj ∈ F (m,V, U
c) can not be repeated in this
l-tuple. Because Eyj’s are wandering for any choice of yj ∈ F (m,V, U
c).
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Choose n > span(m,V, U c). Let H(n,E2, G) be an (n,E2, f)-separated set for G with cardinality
sep(n,E2, G) and let l be a positive integer with (l − 1)m < n ≤ lm.
Claim 2. The map φl is one to one on H(n,E
2, G).
Suppose that there exists x, y ∈ H(n,E2, G) such that φl(x) = φl(y) = (y0, y1, . . . , yl−1). For 0 ≤ i < m
and 0 ≤ j < l, we have f i+jm(x)f i+jm(y−1) = f i+jm(x)f i(y−1j )f
i+jm(y−1)f i(yj) ∈ E
2. By the choice of l,
it follows that for any 0 ≤ i < n, f i(x)f i(y−1) ∈ E2. This, together with x, y ∈ H(n,E2, G), implies that
x = y.
Claim 3. Let p = span(m,E,Ω(f)) and q = span(m,V, U c). Then,
|φl(H(n,E
2, G))| ≤ (q + 1)!lqpl.
Let Ik be the set of l-tuples in φl(H(n,E
2, G)) such that the numbers of components ys which belongs
to F (m,V, U c) is k. Since yk ∈ F (m,V, U
c) can not be repeated in φl(x), then k ≤ q. For Ik, there exist
(
q
k
)
ways of picking these k points yk ∈ F (m,V, U
c), there exist l!(l−k)! ways of arranging these choice among the
points in the ordered l-tuples. Meanwhile, there exist at most pl−k ways of picking the remaining ys from
F (m,E,Ω). Thus,
|Ik| ≤
(
q
k
)
l!
(l − k)!
pl.
From
(
q
k
)
≤ q! and l!(l−k)! ≤ l
k, it follows that
|φl(H(n,E
2, G))| ≤
q∑
k=0
(
q
k
)
l!
(l − k)!
pl ≤ (q + 1)!lqpl.
Now, applying claims 2 and 3 yields that
sep(n,E2, G) = |φl(H(n,E
2, G))| ≤ (q + 1)!lqpl,
where p = span(n,E,Ω(f)) and q = span(m,V, U c). This implies that
hsep(f) ≤ lim sup
E∈Be
lim sup
n→∞
1
n
log sep(n,E2, G)
≤ lim sup
E∈Be
lim sup
l→∞
1
(l − 1)m
[log((q + 1)!) + q log(l) + l log(p)]
≤ lim sup
E∈Be
1
m
lim sup
n→∞
log p
= lim sup
E∈Be
1
m
log span(n,E,Ω).
This implies that htop(f) = hsep(f) ≤ htop(f |Ω(f)). 
Corollary 4.3. Let f : G→ G be a continuous endomorphism. Then, htop(f |CR(f)) = htop(f).
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Addition Theorem states that the entropy is additive in appropriate sense with respect to invariant
subgroups [11]. Bruno and Virili [7] proved that the addition theorem in the case of locally compact totally
disconnected topological groups.
Theorem 4.4. [7] Let G be a locally compact totally disconnected group, and f : G → G be a continuous
endomorphism, and H be a compact f -invariant subgroup of G. Then,
htop(f) ≥ htop(f˜) + htop(f |H).
Corollary 4.5. Let G be a locally compact totally disconnected group, and f : G → G a continuous endo-
morphism, and f˜ : G/CR(f)→ G/CR(f) be the map induced by f . Then, htop(f˜) = 0.
Acknowledgment
Some of the results included in this paper were obtained during visit of S.A. Ahmadi at the Abdus Salam
International Centre for Theoretical Physics (ICTP). Support of this institution is widely acknowledged.
References
References
[1] Ahmadi, S., Wu, X., Feng, Z., Ma, X., Lu, T., 2018. On the entropy points and shadowing in uniform
spaces. Internat. J. Bifur. Chaos Appl. Sci. Engrg. (in press).
[2] Alongi, J. M., Nelson, G. S., 2007. Recurrence and topology. Graduate Studies in Mathematics, Vol. 85.
American Mathematical Society, Providence, RI.
[3] Auslander, J., Greschonig, G., Nagar, A., 2014. Reflections on equicontinuity. Proc. Amer. Math. Soc.
142, 3129–3137.
[4] Bagley, R. W., Peyrovian, M. R., 1986. A note on compact subgroups of topological groups. Bull. Aust.
Math. Soc. 33, 273–278.
[5] Barros, C. J. B., Souza, J. A., 2010. Attractors and chain recurrence for semigroup actions. J. Dynam.
Differential Equations 22, 723–740.
[6] Bonatti, C., Crovisier, S., Gourmelon, N., Potrie, R., 2014. Tame dynamics and robust transitivity
chain-recurrence classes versus homoclinic classes. Trans. Amer. Math. Soc. 366, 4849–4871.
[7] Bruno, A. G., Virili, S., 2017. Topological entropy in totally disconnected locally compact groups. Ergodic
Theory Dynam. Systems 37, 2163–2186.
12
[8] Carvalho, B., Kwietniak, D., 2014. On homeomorphisms with the two-sided limit shadowing property.
J. Math. Anal. Appl. 420, 801–813.
[9] Ceccherini-Silberstein, T., Coornaert, M., 2013. Sensitivity and Devaney’s chaos in uniform spaces. J.
Dyn. Control Syst. 19, 349–357.
[10] Das, T., Lee, K., Richeson, D., Wiseman, J., 2013. Spectral decomposition for topologically anosov
homeomorphisms on noncompact and non-metrizable spaces. Topol. Appl. 160, 149–158.
[11] Dikranjan, D., Bruno, A. G., 2016. Entropy on abelian groups. Adv. Math. 298 (Supplement C), 612–653.
[12] Dikranjan, D., Sanchis, M., Virili, S., 2012. New and old facts about entropy in uniform spaces and
topological groups. Topol. Appl. 159, 1916–1942.
[13] Garay, B. M., 1989. Uniform persistence and chain recurrence. J. Math. Anal. Appl. 139, 372–381.
[14] Good, C., Macıas, S., 2018. What is topological about topological dynamics? Discrete Discrete Contin.
Dyn. Syst. 38, 1007–1031.
[15] Hood, B. M., 1974. Topological entropy and uniform spaces. J. London Math. Soc. 8, 633–641.
[16] Morales, C. A., Sirvent, V., 2016. Expansivity for measures on uniform spaces. Trans. Amer. Math. Soc.
368, 5399–5414.
[17] Oprocha, P., 2008. Chain recurrence in multidimensional time discrete dynamical systems. Discrete
Contin. Dyn. Syst. 20, 1039–1056.
[18] Robinson, C., 1999. Dynamical systems: stability, symbolic dynamics, and chaos. Stud. Adv. Math.,
Boca Raton, FL: CRC Press.
[19] Shekutkovski, N., 2015. One property of components of a chain recurrent set. Regul. Chaotic Dyn. 20,
184–188.
[20] Silvestrov, S. D., Tomiyama, J., 2002. Topological dynamical systems of type i. Expo. Math. 20, 117–142.
[21] Wu, X., Luo, Y., Ma, X., Lu, T., 2018. Rigidity and sensitivity on uniform spaces. Topol. Appl. (accepted
for publication).
[22] Wu, X., Ma, X., Zhu, Z., Lu, T., 2018. Topological ergodic shadowing and chaos on uniform spaces.
Internat. J. Bifur. Chaos Appl. Sci. Engrg. 28, 1850043 (9 pages).
13
